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ABSTRACT

In this work, A coupled system with Atangana Baleanu Caputo (ABC)—derivative under coupled
integral boundary conditions is examined. The study aims to develop necessary and sufficient con-
ditions for the existence and uniqueness of solution of the considered problem. In this connection,
results for a minimum of one solution are obtained through the employment of Krasnoselskii’s fixed
point theorem. The Ulam-Hyers (U-H) concept is used to establish stability-related results. Finally,
an example is given to illustrate the application of our found results.
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1 Introduction

The last thirty years have seen a significant increase in the study of fractional calculus. For the rea-
son that fractional differential systems and equations (FDEs) are crucial tools for describing physical
processes that arise in physics, engineering, economics, and other disciplines. Comparing arbitrary or-
der derivative to traditional integer order, it is amazing that the former is global in nature. This is one
of the operator’s many strengths. Because of these important applications, scholars have focused a lot
of attention on examining a variety of real-world issues and occurrences that fall under the purview of
the aforementioned calculus. In the realm of engineering [1,2], rheology [3], epidemiology [4], physical
sciences [5], signal and image processing [6], etc., some intriguing work has been conducted recently.
Scientists and researchers have focused on investigating FDEs in a variety of analyses, including sta-
bility, numerical, and qualitative theory, because of the significance of the aforementioned field. A lot
of work has been published in this area. Only a few are relevant here, such as the fixed point theory’s
existence theory of FDEs [7], degree theory’s qualitative results of FDEs [8], wavelet’s numerical anal-
ysis of FDEs [9], numerical study of fractional drinking model [10], spectrum analysis of FDEs [11],
decomposition technique for FDEs [12], and so on.

It is noteworthy that boundary value problems (BVPs) are widely used in mechanical engineering
and mass heat transfer modelling of a variety of phenomena. Consequently, a great deal of research
has been done in the area of BVPs under the umbrella of fractional calculus (see [13]). Very good re-
search has also been done on BVPs of FDEs with integrals in their circumstances. Due to the fact that
integral BVPs have many uses in practical domains such as chemical engineering, blood flow issues,
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population dynamics, subterranean water flow, and so on (see [14]). Remember that the aforemen-
tioned studies were examined using the standard Caputo or Reimann-Liouville fractional derivative.
As is well known, there are many definitions of integral and fractional order differential operators,
ranging from singular to non-singular. The aforementioned operators have been heavily utilised by
researchers in various investigations. Here, we make reference to a few published works, includ-
ing Mittag-Leffler type in [17], Caputo-Power law operator in [15], and Caputo-Fabrizio in [16]. The
Caputo-Fabrizio and ABC operators have been used to a wide range of real-world problems in a num-
ber of published research works, as shown in [18-26]. The authors of all the aforementioned works
have mostly addressed early value issues. The authors have concentrated on creating sufficient con-
ditions for the presence of a solution to the given problem by applying nonlinear analysis tools. In
this instance, we cite the research done on coupled systems with linked boundary conditions for the
iterative solution by authors [27] and [28]. Similar to this, writers [29] have used a monotone iterative
technique to study a linked system under coupled integral boundary conditions. However, all of the
aforementioned studies were conducted using standard Caputo power-law derivatives.

Shah, et.al [30] studied a coupled system of coupled integral BVPs using Caputo-Fabrizio (CF)
derivative. Since ABC derivative is the generalization of the aforementioned CF operator. Therefore,
we extend the said coupled system to investigate under ABC operators with coupled integral bound-
ary conditions for s € [0, T] = # as follows:

u(0) = [T gi(v D

v(0) = [y g2(u

where f1,f, : # x R2>R, 21,82 : W —R, are continuous functions, and ¢, € L(#'). The fixed point
theorems of Banach and Krasnoselsikii [31] are used to construct adequate conditions for the existence
and uniqueness of a solution. Additionally, stability is an important tool that has been investigated re-
cently very well for different problems in the sense of U-H type. Recently, authors [32], and [33] have
used the U-H concept to study stability analysis of different problems with various fractional differen-
tial operators. To elaborate further, in the realm of mathematical analysis and specifically within the
study of functional equations and dynamic systems, the concept introduced by Ulam-Hyers plays a
pivotal role in examining the stability of various mathematical models. This notion, primarily dealing
with the stability of functional equations, suggests a methodology to determine if slight alterations in
the initial conditions of an equation will lead to small changes in the outcomes, hence ensuring the
equation’s stability. The (U-H) idea originating from the collaborative insights of Stanislaw Ulam and
Donald Hyers, has been instrumental in bridging the gap between abstract mathematical theories and
their practical applications in physics, engineering, and beyond. By utilizing this concept, researchers
and mathematicians are able to provide rigorous proofs and frameworks that affirm the resilience and
reliability of mathematical models under minor perturbations. This is especially crucial in areas where
mathematical precision plays a fundamental role in predicting and shaping outcomes, such as in the
simulation of physical systems, optimization problems, and the analysis of control systems. The im-
plementation of the (U-H) idea to establish stability-related outcomes involves a meticulous process.
It requires the identification of the specific conditions under which a functional equation or a sys-
tem retains its intended behavior or output, despite the presence of small errors or deviations in its
initial state. This approach not only highlights the robustness of the equation or system but also un-
derscores the importance of stability in the practical application of mathematical theories. In essence,
the statement that stability-related outcomes are established by using the Ulam-Hyers (U-H) idea en-
capsulates a vital principle in the mathematical sciences. It reflects an ongoing effort to ensure that
mathematical models not only approximate reality with high fidelity but also maintain their coherence
and predictability when faced with inevitable uncertainties. This has far-reaching implications, paving
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the way for advancements in numerous scientific fields and contributing to the development of tech-
nologies that rely on the precise application of mathematical principles. Keeping this importance in
mind, we study some results for (U-H) and generalized (U-H) stability for our considered problem. A
pertinent example is given to illustrate the results.

2 Basic Results

Definition 2.1. [17] Let u be the absolutely continuous function on H(0,T), then the ABC derivative for

1; € (0,1] is defined as
ABCDlll.I(%) — M(ll) / u/(s)gl. l:_ll(%_ S):| dS,
1-— 11 JO ! 1-— 1;

such that M(9;)(0) = M(;)(1) = 1 satisfying.

Definition 2.2. [17] Let u be absolutely integrable function on ¥, then the integral with non-singular kernel
for order 1; € (0,1] is defined as

1—1y 1 *

ABTy; i i

Liu(») = —— 7/115515.

0 ( ) M(li) F(1i)M(1i) 0 ( )

Lemma 2.3. [17]Let h be absolutely integrable function on # ', and ifh — 0 at s = 0, then

ABCIDY u(s) = h(x), 0 <1 <1,

u(s) +

has a unique solution described by

1—1y 1 x
u(sx) =u(0) + ——h(s +7l/ u(s)ds.
() =ul0) M(1) ) M) (1) Jo )
Let X = C(#') x C(#) be a Banach space with norm ||(u,v)| = |u] + ||v||, where ||u]| =

max,.cy |u()].

Theorem 2.4. [31] Let X be a Banach space with a closed, convex and bounded subset .. Then for two
operators G1 and Gy, such that

(i) Gy is contraction.
(ii) Gy is completely continuous.

So, there exist (u,v) € . such that G1(u,v) + Ga(u,v) = (u, V), has at least one solution.

3 Existence Theory
Here we enrich this part by our first main result.

Lemma 3.1. Let the right sides vanish at >z — 0 and if hy, hy are absolutely integrable on W', then the solution

of

(
(

u(0) = [, g1(v(s)
(s)

s (3.1)
v(0) = fOng(u s))ds,
is given by
_ " (1 —11)h () I ST
u(oe) = [ ga(v(s)ds + ST 4 i [T e ) i (s)ds, -
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Proof: Let co, dy be constants and applying ABu 4B on (3.1), we have

_ o mu)h(>) I " s1h () ds
ube) = o+ iy T M(ll)r(ll)/o (32 = 8)" I (s)ds,
_ (1 —12)ha(5) I > gy $)ds
V(%> = do + M(1p) * M(12)T(12) /0 (% ) 1h2< )ds.

Using the boundary conditions from (3.1), we have ¢y = fOT 21(v(s))ds and dy = fOT 22(u(s))ds. Hence
the system (3.3) becomes

(3.3)

T Q-G
u(>) _/0 81(v(s))ds + Ml(11; + M(ll)lr(ll)/o (3 =) 1h1( )ds,

_ " (1 —1)hy(5) I * -
v(%)_/o g2(u(s)ds + s +M(12)1"(12)/0 (3¢ — s)2 T (5)ds.

Thus, we get the desired solution.

Theorem 3.2. Inview of Lemma 3.1, the solution of (1.1) is given by

u(sx) = /OTgl(V(S))ds+ (1_11)f1(%<111§%),v( 2 M(111)1F(11) /0%(%—S)”‘lﬁ(s,u(s),v(s))dS'@ 4)
v(s) = /()ng(U(S))ds+ (1_12)f2(%(u)(%),V( 2 M(lzl)zl"(lz) /0%(%—S)“‘lfz(s/u(S)IV(S))dS-

Let define two operators T1, T : X — X by

M) = [ an(vts)s + S s [ o) vis)s,

M) vy os)
T —1 w,u(sx),v 1 # )
o) = [ sa(utoas + EBREREE s [ ot i) v

and T = (Ty, T2)(u,v).
The following hypothesis hold:

(Hy) For constants Cg,, Cg, > 0and u, v, @,V € X one has

Oﬁ(')

<
|
<

181(V) — &1(9)]
and |g2(u) — ga2()]|

IAIA
@)
c
|
o

(Hy) For constants Ly, Ly, >0, (u,v) (@,¥) € X, we have
fi(se,u,v) = fi(5,0,V)] < Lgflu—al+|v—¥]],i=12.

(H3) For constants Mg, Mg, >0, Mg,, Mg, > 0, one has
My, = max,.cy |f1(5,0,0)|, Myf, = max,cy |f2(5,0,0)],
Mg, = max,.cy [g1(0)| and M, = max,.cy |g2(0)].
For simplicity, we use

T" 1 T
M(1)I'(u) ) bt <M(12) " M(12)T (12) ) Lz (3.6

+

= Co, T+ Cy, T
Q= Co,T+C, +(M(11)
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Theorem 3.3. Using hypothesis (Hy, Hp) and if QO < 1, as defined in (3.6), then the BVP (1.1) has a unique
solution.

Proof: Consider (u,v), (@i, 7) € X, one has from system (3.5)

Tt v) = Ti@, )| = max|Ti(wv)() = Ty(@,9) ()
< max| [l (v(6) — sa(ENIs + GG u, v0) — 62, 900)

1 - s,u,v(s s, u(s s
+M(11)1“(11)/o( s =) fi(s,u,v(5)) — fils, a(s), 9(s))[d
(1—11) ™

< CuTllv = sll+ G Ll =l + v = ¥l + g Ly =l + v =<l
Hence
1 T
I7: ) = 3689 < (G + (30 + agarey ) L |l = sl + v =sll. 67)

In the same way, we also deduce that

T ) )
T M)T() > sz] la—gl+lv=vll.  G8

| T2(u,v) — To(q,v)] < |:Cg2T11 n (M@)

From equation (3.7) and (3.8), one has
IT(u,v) = T(@,9)[| < Qff(w,v) - (9],
where () is defined in (3.6). Thus, by Banach contraction theorem, BVP (1.1) has a unique solution.

Theorem 3.4. Under the hypothesis (Hy — Hg) and if

L L
M(fll1) " M(flzz) <
then the BVP (1.1) has at least one solution.
Proof: Let us define G; = (G11,G12) as
Guue) = GG u0,v(),
Giav) = G o, v(),

then inview of (Hy, Hy), one see that for (u,v), (4,7) € X,

L
1G11 (0, v) = G (T, v) || < (flb [(w,v) = (a,7)] (3.9)
and
L
1G12(u, v) — Gp2(T, v) || < WZ)H(U/V) — (@9l (3.10)
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From equations (3.9) and (3.10), one has

IG1u) = Gi@ ) < | s+ s ) = @)l

Thus G; is a contraction. Now let .7 = {(u,v) € X : ||(u,Vv)| < p} and define G, : .¥ — . by
Gy = (Ga1,Ga2), such that

Go1(u,v)(x) = /TG1 (v(s))ds + 17() ./0%(% — s)ll_lfl (s,u(s),v(s))ds,

0 M(11)F 11
T 1 »
Ga(uv)(2) = | $2(u(s))ds + gty | Ge= sy fals ), v(s)ds.

Now for any (u,v) € ., one has
[Gaata v} < max | [ lga(v(sh) s+ s [ 9 st ), vl
tey

< max [/ 1g1(v(s)) — &1(0)] + |g1(0)|ds

+M(1)F(1)/o( e sy fi(s,uls), (s))—fl(s,O,O)\+\f1(s,0,0)|d5}

™ Iy
< T+ ———|L < =
> (Cglp+Mgl) + M(Il)l—'(ll)[ f1P+Mf1] =5
Hence 0
|Go1 (0, v) || < 5" (3.11)
In the same way, we have
G (1, v) || < g (3.12)
From equations (3.11) and (3.12), one has
1 Mp 2 My,
- Mg1T+M()() Mg T+M( DT (12)
p = max L, ' oL,
E - Cng T M) 2 ngT T M@O)T(n)

Hence from (3.11) and (3.12), one has
G2 (u, V)| < p.

Thus G, is bounded. Also 1,82, f1, f> are continuous, so G, is continuous. Now to show equi-
continuity, let »1y < 3, € #/, then

G ()6~ Gan(w )l < iy | )6 =97 = G- A Gt v
+ /}:2(%2—5)11 Y fi(s,u(s), ())|ds]
- M(M;T(ll) [Wil — 5 + (= a)")(Lyp + My)

+ G (Lt M),
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as right side tends to zero at s¢; — s, so

’G21u(%2) — G21u(%1)| — 0 as 1 — .
In the same way, one has

|Goau(s00) — Gopu(se1)| — 0 as 311 — 1.

Therefore,
|G2u(%2) — qu(%1)| — 0 as 1 — .

As G, is bounded and continuous, therefore G; is uniformly continuous. So, G, = (Ga1,Gya) is also
completely continuous. Hence using Theorem 2.4, the BVP (1.1) has at least one solution.

4 U-H Stability

Since in operator form the proposed system solution in Theorem 3.2 is written as

Ti(u,v) () = (u,v), 1)
T2(u,v) = (u,v),

Let for any € > 0, we have ¢ independents of u, v such that ¢ : /" —R, such that
p()| <€, xec¥.

In addition, it should be noted that ¢ — 0 as s — 0. Then from Theorem 3.2 and in view of (4.1), the
solution of

ABC]DIIV(%) = fa(s,u(se),v(5)) + (), 4.2)
T T
w0 = [ si(vio)is, v(0) = [ ga(u(s))ds,
is given by
u(x) = /OT g1(v(s))ds + ]1\/;(111)f1(%,u(%),v(%)) 4 m /0%(% - S)ll—lfl (s,u(s),v(s))ds
+ 21\/1_(111) #) + M(111)1F(11) /0%(% a S)llilcl)(S)ds'

1 — 1 12

T P
v(x) = /O $2(0(s)ds + 35 Faru(o0) (o)) s /0 (3¢ — )2 fo(s, u(s), v(s))ds

1—12

B2 [ 270 (s)ds
b M) M | Ge= sy p(s)as.

Further, we have

T 1—1 1 * -
() = [ sa(e()ds + 75 Alor uav(o0) + s [ 6o 9 s uev(eis )|

11)
T™
= (Mm) " M<11>r<11>>"" = A

T 1—1 1 # e
v(3) - ( / $2(0(s)ds + 35 Far (o) (o)) + s | =gy fz(S,u(s),V(s))ds>

= (Mglz) " M(IZ)IZT(IZ))e = pe
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AN
Theorem 4.1. In view of (4.3) and (4.4) the solution of BVP (1.1) is U-H stable if the condition A < 1,
A
where” A = Ay + Ay + Cg, TAy + Cg, TA1 + Cq, Co, T? such that

L i ™ L fi

M M0 T T MO 4
and - sz T2 sz 16
2= M(o)T) M) 0
Proof: Let (u,v) € X be any solution and (G, ¥) € X be a unique solution, then
T _ »
[u—a| = |v(x) - </0 g1(9(s))ds + L(lil)fl(%,ﬁ(z),v(%)) + M(lll)lr(h)/o (%_5)111f1(s,ﬁ(s)\7(s))ds)‘

1—11

u(x) — (/OT 1(9(s))ds + mfl(%,a(%)v(%)) + m /0%(% - 5)11—1f1 (s,ﬁ(s),V(S))dS) ’

<

+/OT ’gl(V(S))_gl(V(s))’ds+]1w_(l)

11
11 % e
+ara b o
Ly Ly TH e
ity * W) 1)~ @l

f1(52u(0),v(50)) —f1<%,a<%>,v<x)>\

fils,u(s)v(s)) = fals, als), v(s))|ds

< Ae+CyTv =l + |

4.7)
After some further simplification of (4.7), and using (4.5), we have
[u—afl < Ae + Arflu—af + (Cg, T+ A1) v — 9. (4.8)
In the same way, by using (4.6), one can also get
|v = %[ < Be+ (Cg, T+ Az)||u —af| + Azfjv — 7. (4.9)
Then, from (4.8), and (4.9), one has
(1= A0)llu =l = (G T+ A) v =] < Ae w10)

— (Cg, T+ Ay)|[u—1af + (1 = A2)|[v = ¥]] < Be,
which can be expressed as

e vl | e D

On solving the above inequity, we have by using

Al—N0y) + B(Cg1T+A1)>€

Hu—ans( s
1— A

and

B(1-A A(Ce, T+ A
R e )
1- A
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which further yields that by using

max {A(l — Az) —|— B(Cng + Al), B(l — Al) —|— A(ngT + Az)} = ®A1,A2,T,Cgllcg2/

I(,0) — (8,9)] < 22T o @
1-— A
Thus the solution is U-H stable.

In addition if there exists a non-decreasing function ¥ : [0, T] — R, with ¢(¢) = € and ¢(0) = 0.
Then from (4.11), we have

Oa,,0,,T,C,.,C
() = (8,9 < 2o

— Ple).
1- A
Hence the solution is generalized U-H stable.

5 Application

Here, we present an example as illustration of our main results.

Example 5.1. Consider

ABCD g (5¢) = SR HuGA [rsinv()

) #3480 /
ABCID v (5) = eXp(*47f)+}|;1:;0(%)\+|V(%)l, (5.1)
1 exp(—|v(s 1 exp —|u(s
w(0) = J 2k, ”v0) = [} =Bl

Then
+ [u(59)] + sin |v ()
23+ 80

| _ exp(—4m) + |sinu(s)| + |v(>)|
’ fZ(%Iu(%)/V(%)) - 23 180 7

f1(se,u(se),v(5)) = exp(—x)

On calculation, we have Ly, = %, My, =0, fori = 1,2, Cq, = ﬁ, Mg, = 1, fori = 1,2. Also using

M(3) =1, T = 1, then one can compute that

T )L +< 1 T )L

M) ) "\ M@) " M)T) ) "
1 1 1\ 1

— 100.1+100.1+2<1+r(%)>80

= 0.60918958 < 1.

_|_

QO = T T
Cgl +C82 +<M(11)

Hence inview of Theorem 3.3, the given problem has a unique solution. Moreover, the conditions of Theorem 3.4
are also satisfied and we see that

Lr Ly _2 < 1.
M) M) 80

Hence the given problem has at least one solution. To see condition of U-H stability, we see that A; = 183 VZ, i =
N
1,2, and

2

214+vm) 2 (1++/n) 1

il 1,
80/ 100 80y | 10000

Therefore, inview of Theorem 4.1, the solution is U-H stable.
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6 Conclusion

This work has been committed to discuss the existence theory of coupled BVP with coupled inte-
gral boundary conditions. Additionally, we have investigated the mentioned problems by using the
ABC fractional order differential operator. On using the Krasnoselskii and Banach fixed point theo-
rems, we have established sufficient conditions for the existence and uniqueness of the solution. Also,
using the tools of numerical functional analysis, a result related to U-H stability has also been derived.
By a pertinent example, we have testified the results. For future work, we recommend this work can
be extended to the study of numerical analysis. Also another approaches for qualitative study can be
applied to the consider problem, such as topological degree theory and Measure of non-compactness.
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